The performance of conventional repetitive controller (RC) deteriorates under frequency variations and system uncertainties. Due to limited bandwidth, it is also a trivial task to stabilize the conventional RC. This paper proposes a higher-order repetitive controller (HORC) with linear phase lead as a stabilizing compensator and zero-phase tracking error (ZPTE) compensator. The periodic signal generator, used by the HORC, offers relatively high gains in the neighborhood of tuned frequency and its harmonics. Stability conditions for higher-order repetitive (HOR) control system, including the phase lead compensator, are presented. The proposed solution is applied to repetitive current control of a two-level gridconnected inverter. Simulation and experimental results show that the HORC designed using the phase lead compensation is robust to frequency variation in reference/disturbance and system uncertainties.
I. INTRODUCTION
Repetitive controller (RC) offers the best performance over the reference tracking and disturbance rejection for periodic exogenous signals [1] . It is widely exploited in various application areas, e.g., power converters, active filters, multilink robotic manipulators, disk drives, power supplies, where high precision accuracy is required in the equipment [2] - [7] . The source of RC's high performance is that it offers very high gain at frequencies, which are multiples of the reference/disturbance signal frequency.
However, since the performance of the RC is significantly reduced for minimal variations in the reference/disturbance frequency [8] - [17] . Two solutions have been widely discussed in the literature to overcome this problem and are The associate editor coordinating the review of this manuscript and approving it for publication was Jenny Mahoney. known as adaptive repetitive control [18] - [20] and high order repetitive control [21] , [22] . The adaptive RC maintains its periodic performance by adapting its sampling frequency to the change in exogenous signal frequency. While on the other hand, HORC controls the issue as mentioned above by supplying comparatively large gain in the neighborhood of the tuned frequency and its multiples. The proposed research work is focused on the design of HORC.
Both the conventional and HORC are used as plug-in devices and have three components, i.e., a periodic signal generator, a low-pass filter, and a stabilizing compensator [23] - [25] . The periodic signal generator offers high gain at the tuned frequency and its harmonics. The low-pass filter attenuates the gain at higher harmonics to make the stability conditions less stringent. Moreover, the stabilizing compensator is used to stabilize the overall repetitive control system. The difference between the conventional and HORC is that VOLUME 8, 2020 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ of the periodic signal generator. The periodic signal generator used by n th order repetitive controller has 'n' memory loops. The stability conditions for the ''conventional'' and ''higher-order repetitive'' controller suggest that the inverse of the closed-loop system without RC can be exploited as a stabilizing compensator [9] , [26] . However, the inverse model compensator is impossible to use for the non-minimum phase systems and for those systems, which are prone to significant parameter variations. A solution to this crucial problem is the linear phase lead compensator. Zhang et al. proposed this compensator for conventional RC [9] . The same research extends the idea of linear phase lead compensator to HORC. In [26] , [27] , the improved RC is presented. However, the performance of the RC degrades under frequency variations. In [28] , the novel weight selection criteria based HORC for non-minimum phase plants is presented. Authors in [8] have adopted a method for the high-order repetitive control system to further improve the robustness against the uncertainties in the period of signals. However, the robustness discussed in [8] with other modeling uncertainty degrades with increasing order of RC. Secondly, there is a tradeoff between performance and robustness in choosing the order of RC, cutoff frequency, and gain used in control, which is not the case in our design. While the authors in [10] , are mainly concerned about saving the memory space and computational burden while keeping the same performance of the conventional system and the proposed system, which is also a significant difference from our design, which has all the merits of above two references and giving good quality of the signal.
To emphasize the originality and contribution of our approach, we re-organize our technical contribution as follows in the introduction. The main contributions of the presented research work are as follows;
• In this paper, the robust HORC with phase lead compensator is proposed. The plant model is non-minimum phase system. The zero-phase tracking error compensator It is proved by simulations as well as validated experimentally that the disturbances are completely rejected by the proposed design. Repetitive controllers have been proposed in recent works [8] - [12] , with many notable results on the area, they have improved results in terms of frequency changes in the exogenous signal but a computational burden.
• In the proposed design, the detailed stability conditions are derived analytically and verified by simulations and validated experimentally. No such results are seen in the current research literature.
• To recognize the drawback and limitation of existing research literature [1] - [5] , the performance is compared with conventional RC under frequency variations. The proposed design is computationally efficient and always gives superior performance in terms of disturbance frequency rejection accuracy. The remaining search paper is presented as a short summary of the HORC, and its comparison to the conventional RC is discussed in Section II. The stability conditions for the designed HORC developed in Section III, and the proof of the stability condition theorem is provided in appendix A. In Section IV, the implementation of HORC is given. The performance comparison of the designed controller is presented in Section V and follow on the conclusion of the presented work.
II. HIGHER ORDER REPETITIVE CONTROLLER
Steinbuch proposed HORC in [19] and present the solution of the crucial problem of performance degradation under frequency variation. The difference between a conventional and HORC is that of the periodic signal generator. The periodic signal generator, used by the HORC, offers relatively high gains in the neighborhood of tuned frequency and its harmonics. Similar to the conventional repetitive control system, HORC system requires a low-pass filter and a stabilizing compensator for stable operation.
A. HIGHER-ORDER PERIODIC SIGNAL GENERATOR
Instead of using one memory loop, the higher-order generator uses multiple weighted memory loops. Figure 1 shows the structure of the third-order periodic signal generator. A general higher-order periodic signal generator is given by the following equations.
where,
where N denotes the number of samples in a period,
where T s gives the time of sampling in the discrete domain, T P represents the signal period to be produced, m gives the order of the periodic signal generator, w l is the weight of l th memory loop. The frequency response of the higher-order generator is highly dependent on these weights.
1) CALCULATION OF WEIGHTS w l
The method described in this Section to calculate the weights follow the reasoning in [19] , [29] . The objective is to find such weights so that the higher-order periodic signal generator gives infinite gain at the tuned frequency and its harmonics. This can be achieved by making the value of W (z) equal to 1 and its first W (z) derivatives equal to 0 at the tuned frequency and its harmonics. It is evident from (1) that G ho (z) has infinite gain when W (z) = 1. The m th order generator, the weights can be found by using the following two equations:
and m l=1 w l l p = 0 for p = 1, 2, 3, . . . ., m − 1
Using these formulae, the weights for second-order periodic signal generator are evaluated.
Similarly, the weights for the 3 rd order generator are:
2) FREQUENCY RESPONSE
The magnitude frequency response of a second-order periodic signal generator is shown in Fig. 2 . From this figure, the response of the second-order generator looks almost the same as that of the first-order generator. Similar to the firstorder periodic signal generator it has very high gain at the tuned frequency and its harmonics. However, the advantage of higher-order generator becomes evident when its magnitude frequency response is compared with that of the firstorder periodic signal generator in the neighborhood of tuned frequency. Figure 3 shows the magnitude frequency response of first, second, and third-order periodic signal generators in the vicinity of tuned frequency, which is 50 Hz. It is shown that at 1 percent variation from tuned frequency, the 3 rd order generator gives a gain of about 160 dB, whereas the first-order generator gives a gain of only 50 dB. Besides, the gain of the second-order generator is about 110 dB.
B. STRUCTURE OF HORC
The HORC is used as a plug-in device and is shown in Fig. 4 . Plug-in means that the closed-loop system without the repetitive controller is made stable by designing a conventional proportional integral and derivative (PID) controller, and then the RC is added to the loop. The system response without RC is given by;
The internal structure of RC is shown in Fig. 5 . In addition to the higher-order periodic signal generator, it comprises of a low-pass filter Q(z) and a stabilizing compensator G x (z). The low-pass filter attenuates gain at higher harmonics, thus making the stability conditions less stringent. The most suitable choice for Q(z) is the first order non-causal finite impulse response filter. It has 0 dB gain at low frequencies and has zero-phase and is expressed as;
is used as a stabilizing compensator. It must be designed in such a way that the HORC does not destabilize and degrade the performance of the loop to which it is added.
C. STABILITY CONDITIONS FOR HORC
Stability conditions for the HORC system shown in Fig. 4 are given by Theorem I. Theorem I is formulated and derived from [25] .
Theorem 1: The repetitive control system presented in Fig. 4 is stable only if it fulfills the following requirements; By using Q(z) given by (9) and G x (z) = K r T cl (z), the repetitive control system can be quickly stabilized. However, in many cases where the plant is a non-minimum phase, or its dynamics are not adequately modeled, it becomes impossible to use the inverse of T cl (z) as the stabilizing compensator.
In Section III, the above problem is solved by proposing the use of linear phase lead compensator for HOR control system.
III. PHASE LEAD COMPENSATOR
Phase lead compensator [27] is given by the use of linear phase lead compensator for HORC system.
This compensator has two components: K r and z m where K r is the gain element, which has zero phase and z m is the phase element, which has unity gain and m is a positive integer. The frequency response of G x (z) is given by:
where = ωT s Thus, the phase G x (z) is given by:
The phase in degrees is given by:
where ω N is the Nyquist frequency, which is equal to the half of the sampling frequency. This equation shows that the lead compensator has a linear phase, which is zero at ω = 0 and 180 o m at ω = ω N . The frequency phase response of G x (z) is shown in Fig. 6 . In order to understand how phase lead compensator stabilizes the repetitive control system, the stability conditions in Theorem, I need further analysis. If requirement 1) in Theorem I is satisfied by appropriate design of G c (z), then the stability of repetitive control is given by:
The condition in (14) is reformulated to the following two conditions, and the detailed step-by-step derivation is given in Appendix A.
Thus, the stability of the HORC system using the phase lead compensator is given by Theorem II.
Theorem II: The repetitive control system presented in Fig. 4 is stable for phase lead compensator given by (10) if it met the following requirements; These requirements can also be used as a design algorithm. Requirement 1: the closed-loop system is made stable using the conventional PID controller in place of G c (z). Requirement 2: is satisfied by a comparison of the sum of the phase angle of the plant and the compensator for various values of m. The comparison gives a suitable value of m. Requirement 3: the range of K r for which the repetitive control system is stable is determined by plotting K u against frequency. A suitable K r is then chosen, which gives adequate stability margin.
It should be noted that Requirement 2 is complicated to achieve for a broad range of frequency. Therefore, it is expected that the stability margins of the HOR control system stabilized by phase lead compensator are small.
IV. CURRENT CONTROL OF TWO-LEVEL CONVERTER
Authors in [29] presented a thorough study of a two-level converter, which is exploited in the proposed research. A block diagram of the two-level converter connected in close-loop is shown in Fig. 7 . In Fig. 7 , output current I 2 (s) of the single phase of the converter and grid voltages V u (s) are shown. The harmonics enter in the system through this point represented as disturbances. Transfer functions of plant and disturbances are given by; Table 1 gives the values of different parameter and component for the two-level converter.
A. CONVENTIONAL PID CONTROLLER
The designing of a PID controller for the two-level converter, the analysis of frequency response is done. The frequency response of transfer functions taken from output current and grid voltage is shown in Fig. 8 . It is well defined from the simulation result that the system shows large stability margins as well as large direct current (DC) gain. The system shows a small bandwidth, which is just 398 Hz. A simple proportional controller is employed for improving the bandwidth. The gain is chosen by inspection, and the conventional controller for the two-level converter is;
The frequency response and the designed proportional controller of the converter are presented in Fig. 9 . It is seen from Fig. 9 that the stability margins of the system are still large along with improved bandwidth of 1.62 kHz. Although the system fulfills the desired stability margin, DC gain, and appropriate bandwidth, it still fails on having a large number of harmonic contents, which mean the system is unable to reject the periodic disturbances.
To avert this problem, RC is employed. The detailed design of the RC for the two-level converter and its performance comparison with conventional RC is suggested in [13] . The RC successfully rejects harmonics in the grid, fulfilling the international standards of having a good quality of injected current. Even then, it cannot reject those disturbances due to the grid frequency variations.
B. SECOND-ORDER ODD HARMONIC REPETITIVE CONTROLLER WITH ZERO-PHASE TRACKING ERROR (ZPTE) COMPENSATOR
A robust second-order odd harmonic RC is developed for the two-level converter. Since the converter has a non-minimum phase system, thus, it is hard to employ the inverse model compensator. The zero-phase tracking error (ZPTE) compensator is used to see its effectiveness with HORC. The followed design steps are given below. The details can be found in ref [29] .
1. Design a conventional controller G C (z) such that the closed loop system without RC has large stability margins. 2. Choose an appropriate low pass filter Q(z) ∞ ≤ 1. 3. Design a phase compensator which keeps the angle at minimum value within ±90 O . 4. Find the maximum deviation of |t cl (ω) + g x (ω)| from zero and use it to find the maximum allowable W (z) ∞ using the method given in [29] . 5. Evaluate the weights of HORC 6. Finally, select a suitable G x (ω) such that resulting system has fast error convergence. The second-order RC is expressed as;
Q(z) is chosen as the low-pass first order non-causal filter.
N is evaluated by the following expression.
The converter is non-minimum phase system; thus, an inverse model compensator cannot be used. Instead, a ZPTE inverse compensator is used [19] . The compensator is given by: where, T cl * (z) is the inverse of T cl (z) excluding the unstable zero. The K r is a constant factor which is used to satisfy stability conditions. It also controls the error convergence rate.
The frequency response of the converter transfer function with ZPTE compensator is given in Fig. 10 . This figure shows the angle t cl (ω) + g x (ω) is within limits of ±90 o . The maximum deviation of |t cl (ω) + g x (ω)| from zero is 30 0 . Thus, the allowable value of W (z) ∞ is 2.
In final step, the weights are evaluated using method given in [29] . The values of weights are 1.366 and −0.366. The K r is selected to be 0.8 for fast error convergence.
The phase lead compensator K r z m is designed by satisfying the requirements of Theorem II. Requirement 1 is satisfied by making the closed-loop system without the repetitive controller stable with G c (z) = 3. It has already been shown that T cl (z)z m has large stability margins for G c (z) = 3.
The Frequency response of the converter transfer function along with designed 2nd order higher order is shown in Figure 11 . The gain margin is 3.6dB and phase margin is 29 o .
1) SELECTION OF m
In order to satisfy the second requirement of Theorem II, an appropriate value of m has to be selected. This selection is made by comparing the phase of T cl (z)z m for various values of m. Figure 11 shows a plot of the phase of T cl (z)z m for different values of m. From Fig. 12 , it is evident that the phase remains closer to zero for m = 2. Thus, 2 is the most suitable value for m. However, it should be noted that this value of m does not satisfy condition 2 for all such that 0 < < π . Therefore, it is expected that the stability margins of the repetitive control system are microscopic.
2) SELECTION OF K r
Finally, K r is selected from condition 3. Figure 13 shows a plot of K u against frequency. The minimum value of K u is 1. Thus, K r can be selected in the range (0,1). The exact value of K r is chosen so that the repetitive control system has maximum stability margins. A smaller value of K r gives higher stability margins. However, the value of K r also affects the gain of the repetitive controller at and around the tuned frequency and its harmonics. Figure 14 shows a comparison of different value of K r . From Fig. 14, it is clear that a smaller value of K r means that the gain of the repetitive controller at and around the tuned frequency is smaller. Moreover, a smaller gain results in poor disturbance rejection and tracking. Therefore, a compromise value of K r has to be selected, which gives adequate stability margin along with desired gain at and around the tuned frequency. By this reasoning, K r is selected as 0.3. Figure 15 shows the frequency response of the converter's disturbance transfer function for the second-order RC. The bandwidth of the system is only 60 Hz. However, it should be noted that the low bandwidth does not degrade the periodic performance of the system as the system has high attenuation at the tuned frequency and its harmonics. It only degrades the non-periodic performance. The degradation in non-periodic performance means that the settling time and rise time of the system are weak, and the system might have a steady-state error.
V. RESULTS
The magnitude frequency response of the two-level converter controlled by conventional PID, odd harmonic RC, and the proposed second-order HORC is presented in Fig. 16 . The parameters are given in Table 1 . The mathematical model of system is similar to [13] . The HORC offers substantially high gain at and around the tuned frequency 50 Hz and its harmonics. Thus, it is expected that the HORC performs much better under frequency variation as compared to the other two controllers. All the three controllers are investigated and analyzed employing the linear model of the two-level grid-connected converter. The simulations are done using MATLAB/SIMULINK, assuming the following conditions. 1) Reference current and frequency are considered as 100 A and 50 Hz, respectively.
2) The grid voltage shows high harmonic content as the magnitude is presented in Fig. 17 . The total harmonic distortion (THD) is 10.44%. 3) The grid frequency variation of 1% is permitted. 4) The grid frequency variation of 1% is permitted. The output current THD of two-level converter for various controllers assuming different conditions of grid voltage is given in Table 2 . According to the standards provided by the institution of electrical and electronics engineers (IEEE) in [27] , the current THD must be smaller than 5%. It can be noticed from Table 2 that the PID controller fails to fulfill the required standard in higher harmonics contents of the grid frequency. The conventional odd harmonic RC successfully removes harmonics having the same conditions. However, it fails on 1% changes in the grid frequency. Whereas, the HORC completely removes harmonics even in the presence of grid frequency variations.
To test the effectives and robustness of proposed approach, the plant model is varied and investigated. The value of the inductor, which is determined by the utility impedance, can vary significantly depending on the site where the converter is installed. To assess the robustness of the system, the uncertainty in the value of L 2 is varied by ±50% and it is observed that the system is always stable having high enough gain and phase margins. It can be concluded that the HORC system can handle variations in utility impedance very well as shown in Figure 18 . Thus, the system is robust against uncertainties in utility impedance variations.
To validate the simulation results, a small-scale laboratory prototype of a single-phase utility converter has been used. This converter supports output current up to 10A (rms). Texas instrument DSP model TMS320C6713 was used to implement the proposed RC. Fig. 19 shows the Laboratory prototype of two-level single-phase grid inverter with LCL filter. Figure 20 shows the output current THD of the two-level converter for different controllers under variations in grid frequency. It depicts that the proportional controller fails to meet the required standards. The conventional odd harmonic repetitive controller successfully rejects harmonics under the same conditions. However, it fails when the grid frequency changes by 1%. Whereas the higher order repetitive controller successfully rejects harmonics even in the presence of variation in grid frequency.
VI. CONCLUSION
The proposed research of phase lead compensator to design higher-order repetitive controller is presented. The stability conditions for the proposed control scheme were derived and analyzed. The designed scheme was applied to the current control of two-level three-phase grid-connected converter. The plant is non-minimum phase system, which uses zero-phase tracking error compensator provides accurate compensation both in terms of phase and magnitude. The performance is compared with conventional RC under frequency variations. Simulation and experimental results showed that the proposed controller outperforms the conventional repetitive controller under variations in grid frequency. The designed HORC successfully removes the variations, and it shows less computational burden. It can be easily concluded that zero-phase error compensator gives promising results with HORC as well.
APPENDIX

DERIVATION OF STABILITY CONDITIONS
(T cl (z)K r z m − 1)Q(z)W(z) ∞ < 1 (25) Writing this condition in the frequency domain and using the definition of infinity norm following inequality is obtained (1 − M T cl (e j )e jθ T cl (e j ) K r e jm )M Q (e j )e jθ Q (e j ) M W (e j )e jθ W (e j ) < 1 for 0 < < π (26) All the frequency responses are functions of e j . In the above equation, this is shown explicitly. Dropping this notation makes the above expression simpler to deal with.
(1 − M T cl K r e j(m +θ T cl ) )M Q (e j )e jθ Q M W e jθ W < 1 for 0 < < π (27) Introducing new variable β. β = m + θ T cl (28) Substituting β in (26) gives:
(1 − M T cl K r e jβ )M Q e jθ Q M W e jθ W < 1 for 0 < < π (29) VOLUME 8, 2020
Multiplication inside the parentheses gives: Squaring and combining terms give:
